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ABSTRACT

This paper presents the thermal flexure analysis of single layer plates subjected to sinusoidal thermal load
linearly varying across the thickness. Analytical solutions for thermal displacements and stresses are
investigated by using a trigonometric shear deformation plate theory which includes different functions in
terms of thickness coordinate to represent the effect of shear deformation. The theory presented is
variationally consistent, does not require shear correction factor, and gives rise to transverse shear stress
variation such that the transverse shear stresses vary parabolically across the thickness satisfying shear stress
Jree surface conditions. Governing equations of equilibrium and associated boundary conditions of the
theory are obtained using the principle of virtual work. The Navier solution for simply supported orthotropic
plates has been developed. The validity of the present theory is verified by comparing the results with various
Shear Deformation Theory.
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1. INTRODUCTION

Orthotropic materials are widely used, particularly in aerospace engineering. By virtue of their high strength to
weight ratios and because of their mechanical properties in various directions, they can be tailored as per
requirements. Further they combine a number of unique properties, including corrosion resistance, high
damping, temperature resistance and low thermal coefficient of expansion. These unique properties have
resulted in the expanded use of the advance orthotropic materials in structures subjected to severe thermal
environment.

These structures are usually referred to as high temperature structures. Examples are provided by structures used
in high speed aircraft, spacecraft etc. The high velocities of such structures give rise to aerodynamic heating,
which produces intense thermal stresses that reduces the strength of aircraft structure. Coefficients of thermal
expansion in the direction of fibers are usually much smaller than those in the transverse direction. This results
in high stresses at the interfaces. In order to describe the correct thermal response of orthotropic plates including
shear deformation effects refined theories are required.

2. SIGNIFICANCE

Composite materials are widely used, particularly in aerospace engineering. By virtue of their high strength to
weight ratios and because of their mechanical properties in various directions, they can be tailored as per
requirements. Further they combine a number of unique properties, including corrosion resistance, high
damping, temperature resistance and low thermal coefficient of expansion. These unique properties have
resulted in the expanded use of the advance composite materials in structures subjected to severe thermal
environment. These structures are usually referred to as high temperature structures. Examples are provided by
structures used in high speed aircraft, spacecraft etc. The high velocities of such structures give rise to
aerodynamic heating, which produces intense thermal stresses that reduces the strength of aircraft structure.
Coefficients of thermal expansion in the direction of fibres are usually much smaller than those in the transverse
direction. This results in high stresses at the interfaces. In order to describe the correct thermal response of
plates including shear deformation effects refined theories are required.

3. THEORETICAL CONTENTS
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Consider a square single layer plate as shown in Figure 1. The plate is assumed in Cartesian coordinate (x, y, z)
system with origin 'O’. It is convenient to take the xy—plane of the coordinate system to be the undeformed
middle plane of the laminate. The z— axis is taken to be positive in a downward direction from the middle plane.
The plate thickness is denoted by ‘A’ while its dimensions, along the x and y directions, are denoted by 'a’ and D’
respectively. Perfect bonding between the orthotropic layers and temperature independent mechanical and
thermal properties are assumed. The plate is subjected to a thermal load 7" ( X, Y, Z) .

Fig.1 Plate Geometry

3.1 The Displacement Field
For the bending analysis, the displacement field of a trignometric shear deformation theory at a point in the
single layer plate is expressed as:

UG .=y ) -2 4 £ 2, )
Vs vamg e =2 oy
W(x, y):w(x, y) 1D

Where Uand Vare the in-plane displacement components in the x and ydirections respectively, and W is the
transverse displacement in the z direction. The Trigonometric function in terms of thickness coordinate in both
the displacements U and V is associated with the transverse shear stress distribution through the thickness of the

plate and the functions P(x, ¥) and y(x, y) are the unknown functions associated with the shear slopes. The

trignometric function (@) is given as:
h . (rz

f(z)=—sin| ==
V3 h

3.2 Strain-displacement Relation
For the small plate deformation, the six strain components (ex, €y, €, Yxy» Yxz» Yyz)and three displacement
components (U, V, W) are related according to the well-known linear kinematic relations.

U, v _ow

x ox’y oy z 0z
oUu oV ou ow ov ow
=+ =——+ =+

"oy TaxxzT o o Tyz oz oy ®
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By applying the strain displacement relations of three dimensional elasticity to the displacement field given by
Eq. (1), one obtains the following approximate strain field.

ou 2
T e D
X Ox 8x

ov, a o

e ariCle
‘Y oy o2
6‘Z=0

duy 0 2
% My 5 0w )(6415 6!#}

Yxy™ 8x oy Oxﬁy 0y Ox
_df (2) 4
X2
d
y = f(Z)V/
Yz dz (3)

3.3 Stress-Strain Relationship

The stress-strain relationship for the single layerplate under thermal loading can be written as:

o Q1 1 Q1 ) 0 0 0 £, —axT

Gy Q1 2 Q22 0 0 0 |l y -a yT

Ty (= 0 0 Qg O 0 Yy

Ty 0 0 0 Oy O Y32

- 0 0 0 0 Qs 7 e “

Where o, and oy are the thermal expansion coefficients in the common structural axis systems, T= zT,(x, y) is
the thermal load and Qjare the transformed elastic coefficients.

0 = £y _ HpEy )
11 — =12 — =22 _
I=up1) I=up1) I=up1)
266 = “12:%s5 = C12%44 = 923 5)
Where E,, E, are the elastic moduli, £4, and fi,, are Poisson’s ratios and G,,, G3 G;3 are the shear moduli of

the material.

3.4 Resultant forces and moments
The resultant forces and moments of a orthotropic plate can be obtained by integrating Eq. (4) through
thickness, and are written as:
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Where (N ,N ,N ) are the resultant shear forces, (M CME M ) are the resultant moments
Xy Xy Xy Xy

associated with the classical plate theory, (M ;,M ‘;,M )SQ)) are the resultant moments associated with the

transverse shear effects and (Q ,Q ) are the resultant shear forces associated with the transverse shear
X7’ yz

effects. By substituting Eq. (4) into Eq. (6), following expressions of resultant stresses and moments are

obtained.
ou &%w ov 52 8
Ougy W 0 w y
B —— +C, . —-J,, +M_ )T, @
N =415 152 llax A12 12,2 125 T2
ou 82 8 ov 52 8
Uy w ¢ 0 w ay
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P ae 1,2 T g TRI2 gy 126‘y2 Flagy ~Knthph 4o
ou ov 2
M =B, Dlzaz F128¢+322 : Dzza;VJerzal//_(K T an
y ox o ox oy oy oy
Oty 8\/ 2
MS =B, Y| _,p TW . g (0P 0V (12)
Xy 8y 8x 06 oxoy 66 8y ox
ou 8w a¢ o, o2 8
s 0 _ 0 w oy
Mx Cc . — +H +C —F +H (1‘11+012)T1 (13)
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Where Aij’Bij c..D..F.H.I.£JL ,K.,L...M

,C. . F.. J...J.. K. ..,N..,O.. are the laminate stiffness coefficients
y oy y yyyg yy y yy

which are defined in terms of the reduced stiffness coefficients Qll; for the layers as given below:

h
k+1
2
{Ay By;»CijD; } ZIQ hf {Lz,f(z),z }dz (i=j=12,6)
k
N hk+1
{sz’Hij}_ [ f({z.f(2)}dzi(i=j=1.2,6)
k=1 hk
{Iij}:z [ Lf'(@)dz(i=j=4.5)
k=l hk (18)
Lk
{JU ij’ } ZQUax | {z,z S (2)dzi(i=j=1,2)
I
L ke
{MUN 0} ZQUth {ZZ J(2)dz(i=j=1,2)
k

3.5 Governing Equation and boundary conditions

Using the expressions for strains, stresses, and principle of virtual work, variational consistent differential
equations and boundary conditions for the plate under consideration are obtained. The principal of virtual work
when applied to the plate leads to:

j( 5+c7 58 +z' 5}/ +r 5}/ +7 5}/ )dv =0 (19)
v

Where the symbol 6 denotes variational operator. In Eq. (7) mechanical load is taken as zero since the plate is
subjected to pure linear thermal load. Inserting strains from Eq. (3) and stresses from Eq. (4) into Eq. (19),

integrating by parts and setting coefficients of 5u0,5v0,5w0,5¢, 5!// to zero, the governing equations of

the unified plate theory are obtained as follows,
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The following are the boundary conditions obtained at the edges x = 0 and x = a:

—Either N =0 or u, is prescribed

—Either N =0or Vv, is prescribed
Xy

— Either Vx =0 or wis prescribed

ow
— Either M€ =0o0r —is prescribed
X ox

— Either M ; =0 or ¢ is prescribed
— Either M® =0or W is prescribed
XYy
The following are the boundary conditions obtained at the edges y =0 and y = b:
—Either N =0or U, is prescribed
Xy
— Either N y =0or V, is prescribed

— Either Vy =0 or Wis prescribed

ow
—Either M€ =0o0r o is prescribed
y

— Either M ;y =0or ¢ is prescribed

— Either M ; =0 or ¥ is prescribed

Inserting stress resultants in terms of unknown variables from Eqs. (7) to (16) into the Eq. (20), the five
governing equations of unified shear deformation theory are taken from:
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3.6 Thermoelastic analysis of plate

Bending solutions of Eq. (20) for a simply supported single layer square plate are obtained by using the Navier’s
approach. The plate is subjected to thermal load (7) only. The following simply supported boundary conditions
are assumed

Atx=0andx=a:Nx=v0=M)cC=M;=l//:0 (26)

At y=0andy=b: N =u . =w=M =M5 =¢=0 @7)
y 0 y oy
The orthotropic plate is subjected to sinusoidal thermal load linearly varying through the thickness (7" = ZTI)

of plate as given below:

T1 = TO sinaxsin fy (28)
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Where a=7x/a,=n/band T() is the maximum intensity of thermal load at center of plate. The

following middle surface displacement functions are assumed which satisfies the boundary conditions and the
governing equations of simply supported laminated composite plates:

u (x y)=u cosaxsmﬂy

vo(x,y)=v1 sinaxcos fy

¢(x,y):;/ﬁl cosaxsin [y (29)
w(x,y)=y sinaxcos Ly

w(x,y) = W] sinaxsin Sy

Substitution of solution form given by Eq. (29) into governing equations (21)-(25) and setting value of
mechanical load (g) zero, results into a system of the algebraic equations which can be written into a matrix
form as follows:

Kip K K3 Ky Kis)u || f
Kyp Kyp Kpz Ky Kpsiivi| |y
K31 K3p K3z K3y Kzs|owp=4f3 (30)
a4 Kys||4 | [Ny
K5y Ksp Ks3 K5y Kss)lvy) |fs

The elements K ij of stiffness matrix [ K] are given below:

_ 2 2
K = e+ Ag 5.
Kyp=—(Ajp+Agg)af,
3 2
2 2
Ki4=(C1a"+Ce6S )
K| 5==(Cjp +Cge)ap,
2 2
Kyp==(Axp S +Agga™),
23 2
Ky3=Byy 7 +(Byp+Bggla”p,
Ky4=—(C1p+Cge)ap,
~ 2 2
Ky5=~(Cyp 87 +Cgea ™),
3 2
3 2
K35—F22a +(F12+2F66)a B,
~ 2 2
Kys=—(H,+Hgg)op,

- 2
Kss=—(Hy ™+ H

a2+1

66% *1gq)
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The elements fl of force vector { f }are given below:
fy =By BTy
fr=(By1p+B 20T
_ 2 2
S3== (D1 1#D y PTpo™ ~(D 2 +D 90 Tp ™ (32)
J4=(C o1+ Cy 1Ty
fs=(Cop*Byop)Tyf
From the solution of Eq. (30), the unknown coefficients U vy w ¢1 1/11 can be obtained readily. Substituting

these coefficients into Eq. (29), displacements and rotations can be obtained, and subsequently, stresses can be
obtained using Eqgs. (1)-(4). Transverse shear stresses obtained by using constitutive relations are designated as

r)g,i, TSZI;\; . To satisfy the continuity conditions at the layer interface, transverse shear stresses are also obtained
by using following stress equilibrium equations of 3D elasticity theory and designated by rle;:l , rfgl .
oo or or oo or or
SR AN & Y ) P R A A< Sy ) (33)
ox Oy 07 Oy Ox 0z

Then further numerical results for the solution are obtained.

4. NUMERICAL RESULTS AND DISCUSSION

In this paper, displacements and stresses are obtained for square single layer plate subjected to linear thermal
loading. The following properties of

5225 ﬁ:ﬁ:O,S %:0.25

E, 1 , B E, (34)
Ix =, 4, =0.25, 11, = 0.01

a, 3

y

Where the subscripts 1, 2 and 3 denote properties associated with X, y and z-directions respectively. For the
purpose of comparison, results are presented in the following normalized forms.

Wn=w(£,éj 10
22 )aTib

In the preceding section, detail solution procedure for the thermoelastic analysis of single layer plate has been
discussed. The material properties used in all examples are given in Eq. (34). The results obtained are presented
in normalized form given by Eq. (35). Normalized thermal displacement under sinusoidally distributed linear
thermal load obtained for orthotropic plate using trigonometric shear deformation theory is presented in Tablel.

Table 1. Results

b/h Source Un Vn Wn xn oyn Xy TXZ TyZ
4 Present 0.4017 | 0.4281 1.0902 | 0.2767 | 2.2785 | 1.3834 | 0.0957 | 0.1169

4 A.S.Sayyad | 0.4016 | 0.4887 | 1.0847 | 0.2660 | 2.2168 | 1.3985 | 0.1463 | 0.1507
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S.

CONCLUSION

Thermal response of single layer plate under non-linear thermal load across the thickness of plate has been
studied by using present trigonometric shear deformation theory. The results are compared with higher order
shear deformation theory.Present theory gives good prediction of the thermal response of laminated plates in
respect of displacements and stresses. The effect of linear variation of thermal load through the thickness of
laminated plate shows the significant effect on in-plane normal and transverse shear stresses as observed from
this investigation which validates the efficacy of the present theory.

6.

12.

13.

14.

15.

REFERENCES

S.S. Akavci Journal of Reinforced Plastics and Composites “Buckling and Free Vibration Analysis of
Symmetric and Antisymmetric Laminated Composite Plates on an Elastic Foundation”. (2007)
AnupamChakrabarti and Abdul Hamid Sheikh International Ship building Progress 54 (63-81)
“Buckling of laminated sandwich plates using an efficient plate model”. (2007)

L. Hadji, H. A. Atmanel, A. Tounsil, I. Mechabl, E.A.Addabedia Applied Mathematics and
Mechanics (English Edition) “Free vibration of functionally graded sandwich plates using four-variable
refined plate theory.” (2011)

Mohamed Bourada Journal of Sandwich Structures and Materials “A new four-variable refined plate
theory for thermal buckling analysis of functionally graded sandwich plates”.(2011)

S. K. Kulkarni and YuwarajMarotraoGhugal Latin American Journal of Solids and Structures
“Thermal flexural analysis of cross-ply laminated plates using trigonometric shear deformation
theory”.(2013)

HessameddinYaghoobi and PooriaYaghoobi Journal of Reinforced Plastics and Composites “Buckling
analysis of sandwich plates with FGM face sheets resting on elastic foundation with various boundary
conditions: an analytical approach”. (2013)

B. M. Shinde, A. S. Sayyad, A. B. Kawade Journal of Applied and Computational Mechanics 7 (193—
204) “Thermal analysis of isotropic plates using hyperbolic shear deformation theory”. (2013)

M. Cetkovic and D. Vuksanovic Construction of Unique Buildings and Structures “Thermal analysis of
laminated composite and sandwich plate using layer wise finite element”. (2014)

HoudayfaOunis et.al Higher Education Press and Springer-Verlag Berlin Heidelberg “Thermal
buckling behaviour of laminated composite plates: a finite-element study.” (2014)

. A.S. Sayyad, BharatiMachhindraShinde, and YuwarajMarotraoGhugal Journal of Applied and

Computational Mechanics (18-30) “Thermoelastic bending analysis of laminated composite plates
according to various shear deformation theories”. (2015)

. Kanase A. K., Shiyekar S. M.,Shiyekar M. R. International Journal of Current Engineering and

Technology “Thermal Stress Analysis of Three Layered Symmetric Laminated Composite Plate.”
(2015)

G. R. Gandhe, Y. M. Ghugal, V. S. KulkarniStrctural engineering convection Chennai, India
“Thermoelastic stress analysis of rectangular plate by using integral transform technique”. (2016)
RaduChiriac and MihaiVrabie Department of Structural Mechanics, Technical University, lasi,
Romania “The First Order Shear Deformation Theory for Sandwich Plates™. (2016)

Pinar AydanDemirhamTrakya University, Department of Mechanical Engineering, Edirne, Turkey
“Static Analysis of Simply Supported Functionally Graded Sandwich Plates by Using Four Variable
Plate Theory”. (2017)

S Dash N Sharma, T. R. Mahapatra, S. K. Panda and P. Sahu IOP Conference Series: Materials Science
and Engineering “Free vibration analysis of functionally graded sandwich flat panel”. (2018)

N.S. Naik and A.S. Sayyad Journal of Thermal Stresses “An accurate computational model for
thermalanalysis of laminated composite and sandwich plates”.(2019)

© 2019, IJSREM | www.ijsrem.com Page 10



http://www.ijsrem.com/

